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EIGENVALUE BOUNDS FOR SCHRODINGER OPERATORS 
WITH COMPLEX POTENTIALS. II 

RUPERT L. FRANK AND BARRY SIMON 


Abstract. Laptev and Safronov conjectured that any non-positive eigenvalue of a 
Schrodinger operator — A -|- U in with complex potential has absolute value 

at most a constant times for 0 < 7 < ^/2 in dimension u > 2. We 

prove this conjecture for radial potentials if 0 < 7 < v 12 and we ‘almost disprove’ it 
for general potentials if 1/2 < 7 < vl2. In addition, we prove various bounds that 
hold, in particular, for positive eigenvalues. 


1. Introduction and main results 
In this paper we are interested in eigenvalnes of Schrodinger operators 

-A + U mL\W) 

with (possibly) complex-valued potentials V. More precisely, we want to derive bounds 
on the location of these eigenvalues assuming only that V belongs to some with 

p < 00. This assumption, for suitable p, will also guarantee that — A-l-U can be defined 
via the theory of m-sectorial forms. Also, p < 00 implies that eigenvalues outside of 
[0, 00) are discrete and have hnite algebraic multiplicities. 

If V is real-valued (so that discrete eigenvalues are negative), it is a straightforward 
consequence of Sobolev inequalities that 

\E\'^<C^,u[ ( 1 . 1 ) 

Jr’' 

for every 7>l/2ifi/ = l and every 7 > 0 if i/ > 2 . Here is a constant 
independent of V. For this bound, see and also |1] for optimal constants, 

optimal potentials and stability results. 

The question becomes much more difficult if V is allowed to be complex-valued. 
Laptev and Safronov |T8] conjectured that for any v >2 and 0 < 7 < v 12 there is a 
such that fll.ip holds for all eigenvalues E G C \ [ 0 , cxd). Prior to their conjecture, 
Abramov, Aslanyan and Davies [1] (see also 0) had shown this for v = 1 and 7 = 1/2. 
In [8] the Laptev-Safronov conjecture was proved for v >2 and 0 < 7 < 1/2. 

In this paper we accomplish the following: 
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(A) We almost disprove the Laptev-Safronov conjecture for v >2 and 1/2 < 7 < 
I//2 (Theorem I2.ip . 

(B) We prove the Laptev-Safronov conjecture for radial potentials for v >2 and 
1/2 < 7 < Z//2. 

(C) We give a simple proof that for 0 < 7 < 1/2 the bound (II.ip holds also for 
eigenvalues E G [0, 00 ). (We note that a deep result of Koch-Tataru [T7] shows 
that, in fact, there are no positive eigenvalues.) 

(D) We prove an eigenvalue bound for V G with 0 < 

7 i < 72 < 1/2 if p = 2 and 0 < 71 < 72 < 1/2 if i/ > 3. 

By ‘almost disprove’ in (A) we mean we construct a sequence of real-valued potentials 
Vn such that —A-|-14i has eigenvalue 1 but ||14||p —t 0 for any p > {l + i/)/2. If Laptev 
and Safronov had formulated their conjecture for any eigenvalue E ^ C (and not only 
for G C \ [0, cxd)), we would have disproved it. In particular, this is interesting in 
view of (C), where we prove that for 0 < 7 < 1/2 the conjecture holds in fact also 
for eigenvalues in [0, cxd). Note that if we were able to show that the eigenvalue 1 of 
—A -|- I4i becomes a non-real eigenvalue of —A + Vn + eW for some nice W (say with 
Im W > 0) and £ small, we could also disprove the conjecture. 

Our construction of the potentials W in the proof of Theorem 12.11 is inspired by a 
construction of lonescu and Jerison [T3]. Using ideas of Wigner and von Neumann 
[35] (see also m Section XIIL13]) we are able to simplify their construction. 

We also prove (Theorem 12.21) that a bound of the form fll.ip cannot hold, even for 
radial potentials, if 7 > v 12. Of course, Laptev and Safronov conjectured such a bound 
only for 7 < z// 2 , but the fact that this is the correct upper bound is not obvious. 
Our construction extends the Wigner-von Neumann construction [35] (see also IZ71) to 
arbitrary dimension i/, which is interesting in its own right. Our counterexamples are 
constructed in Section [2l In passing we mention that while the Wigner-von Neumann 
example has been studied extensively, we are not aware of similar results about the 
lonescu-Jerison example. It would be interesting to extend the results of Naboko 
ra and Simon on dense embedded point spectrum based on the Wigner-von 
Neumann example to instead use the lonescu-Jerison example. 

Concerning (B), we recall that the proof in [ 8 ] of (11.11) for 0 < 7 < 1/2 relied on 
uniform Sobolev bounds due to Kenig-Ruiz-Sogge [T 6 |, namely, 

\\(-A-z)-^f\\^<C\zr'^+-'^-'\\f\\,, 2i./(>. + 2)<p<2(>.+ l)/(i. + 3), (1.2) 

with C independent of 2 ; and with p' = p/{p—l). (In [I 6 | this bound is only proved for 
12 > 3, but the same argument works for z/ = 2 as well, see [8].) The range of exponents 
2vl{v -1-2) < p < 2{i> + l)/(z/ -I- 3) in fll.21) corresponds to 0 < 7 < 1/2 in fll.R . 
Bounds of the form fll.21) cannot hold for exponents 2{v + 1)/{v + ?>) < p < 2v/{v + 1) 
(corresponding to 1/2 < 7 < z//2). However, as we shall show fTheorem 14.31) . they 
do hold if one replaces the space by Lp(M_|_, dr; L^(S^“^)) and similarly 

for L^'(M^). In fact, these bounds prove fll.ip not only for radial potentials, but for 
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general potentials in dr; with the obvions replacement on 

the right side; see Theorem 14.11 We also prove a Lorentz space resnlt at the endpoint 
7 = Z//2; see Theorem 14.21 

Onr resnlts for 1/2 < 7 < u/2 are based on argnments by Barcelo, Rniz and Vega 
[2] and, in particnlar, precise bonnds on Bessel fnnctions. This is fnrther discnssed in 
Section H] and in the appendix. 

We prove (C) in Section [3l Onr argnment is based on ( 11 . 21 ) . like that in [ 8 ], bnt 
is more direct and avoids Birman-Schwinger operators. As we mentioned above, the 
deep resnlts of Koch and Tatarn DU imply that —A + V has no positive eigenvalnes 
if V G with 0 < 7 < 1 / 2 ; see also [Hj for the case 7 = 0 in dimensions 

u > 3. (The fact that the resnlts of [IT] apply also to complex-valued potentials is 
not emphasized there, bnt is clear from their proof strategy via Carleman ineqnalities. 
Also, the fact that V G satisfies Assnmption A .2 in na for 7 as above can 

be easily verihed nsing Sobolev embedding theorems; see, for instance, the proof of 
Lemma 3.5 in [TO].) 

We inclnde onr proof of (C) since it is mnch simpler than the argnments in [HI [TT] 
and since the same reasoning will give the assertion in (B) for E G [0, cxd) where the 
resnlts of in are not applicable. 

The bonnds mentioned in (D), see Theorem 13.41 are new, even for G C \ [0, 00 ). 
They are also derived from fll. 2 l) . Somewhat related bonnd m v = 1 are contained in 

0 . 

In this paper we have only discnssed bonnds on single eigenvalnes. The sitnation for 
snms of eigenvalnes is less nnderstood and we refer to p [m 0 El p and references 
therein for resnlts and open qnestions in this direction. Also, we emphasize that we 
work only nnder an U’ condition on V. In contrast, resnlts nnder exponential decay 
assnmptions are classical (see, e.g., [2311201 El] and also [301 El] ) and extensions to snb- 
exponential decay were stndied in a remarkable series of papers of Pavlov [24l ESI ES] . 
For resnlts in the discrete, one-dimensional case we refer, for instance, to mm- 

Acknowledgemnts. The anthors wonld like to thank L. Golinskii, H. Koch, A. 
Laptev, O. Safronov and D. Tatarn for helpfnl corresondence. 

2 . Counterexamples 

The following theorem shows, in particnlar, that the bonnd (11.11) cannot be valid 
for positive eigenvalnes of Schrodinger operators with real potentials if z/ > 2 and 
j > {u + l)/2. Onr proof simplihes the constrnction of potentials that appeared in 
na in a different, bnt related context. 
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Theorem 2.1. For any u > 2 there is a sequence of potentials — )■ R, n G N, 

such that 1 is an eigenvalue of —A + V in and 

\Vn{x)\ < — I ^ , I ;|2 , T = e R X R''"^ 

n+ \xi\ + \x'Y 

with C > 0 independent of n. In particular, for any p > {n + l)/2, 

ll'4|| LP —)■ 0 as n ^ oo . 


Proof. We look for an eigenfunction of the form f){x) = w{x) sinxi. Then 

—A'^ = fj — 2{dxw) cosxi — {Aw) sinxi, 

so the eigenvalue equation will be satished if we set 

^ ^ diw Aw 

V := 2-cot Xi H -. 

w w 

We need to choose w in such a way that -ip E and that V satishes the required 
bounds. In particular, diw needs to vanish where sinxi does. In order to achieve this, 
we set 

PX\ 


g{xi) := 4 / sim y dy = 2xi — sin(2a;i) 


and 


Wn{x) := (n^ + g{xi)‘^ + \x'\^) 


/|4\-“ 


The potential 14 is dehned with Wn in place of w. The parameter n here is not 
necessarily an integer, but we do require later that n > 1. Finally, the parameter a 
will be chosen so that w G (which implies ip G L‘^(EP)). Note that 


\Wn{x)\‘^ dx = 2|§‘ 


u—2 1 


(n2 + ^(a; 42 )- 2 a+(^-i)/ 2 ^^^ 


-OC rU-2^^. 


Iq (l+r4)2“ 


is hnite provided a > u/4, which we assume in the following. We do not keep track 
of the dependence of our estimates on a. 

A quick computation shows that 

Vn = -—gg'cotxi + FA±1> (/(j')! + 4|^<|6) _ ^ (y f + gg" + 2 {u + l)|if) 

m„ mf ^ ' rUn 

with mn{x) := + g{xi)‘^ + \x'p^. Note that gf'cotxi = 4 sinxi cos xi is bounded. 

Moreover, \g\, \x'\‘^ < ml/'^ and \g''\ < C, so 

\Vn\<C + m-^) . 

Using n > 1, we hnd m~^ < so |I4| < Crun^^'^ . This bound is 

equivalent to the one stated in the theorem. 

Finally, we note that by scaling 

dx 


\Vnfdx < C 


{n + ItiI + \x'\‘^)P 




dx 


(1 + ItiI + \x'\^)p 
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For p > {i/ + l)/2, the right side tends to zero since (1 + |a;i| + G U in this 

case. This hnishes the proof of the theorem. □ 

We emphasize that the eigenfunctions corresponding to the eigenvalue 1 of —A + W 
can have arbitrarily fast or slow (consistent with being square-integrable) algebraic 
decay in |xi | + |a:'p. We also note that (for hxed n) the potential W has the asymptotic 
behavior 

, , 16aa:i sin^(2a;i) 16a(a + l)|x'|® 4a(4a;i cos(2xi) + (z/+ l)|a;'p) 

{A\xi\^ + \x'\^y A\xi\^ + \x'\^ 

+ 0((|a;i| + |a;f)-2) 
as l^il + \x'\^ oo. 

Our next theorem shows, in particular, that the bound fll.ll) cannot be valid for 
positive eigenvalues of Schrodinger operators with real, radial potentials if z/ > 1 and 
7 > 1/2. Our proof extends the Wigner-von Neumann construction [35] (see also [27]) 
to arbitrary dimensions u > 1. 


Theorem 2.2. For any n > 1 there is a sequence of radial potentials W : ^ 1^? 

n eN, such that 1 is an eigenvalue of —A + V in L^(M^) and 

\Vn{x)\< — xeMt', 

n + |a;| 

with C > 0 independent of n. In particular, for any p > v, 

linii LP —)• 0 as n ^ OO . 

Proof. We hrst observe that we may assume z/ > 2. Indeed, for z/ = 1 we simply 
extend W from z/ = 3 to an even function on M. The proof below will show that the 
corresponding eigenfunction xfn is radial and we can extend rxfn to an odd function 
on M which will satisfy the correct equation. 

Now let z/ > 2. We look for an eigenfunction of the form 

fj{x) = p{r)w{r) , r = |x| , 

where (p is a radial function solving —Ap = (p in (in particular, p is regular at the 
origin). It is known that, up to a multiplicative constant, p{r) = J(j,_ 2 )/ 2 (l), 

where J(i/_ 2)/2 is a Bessel function. This follows from Bessel’s equation 

// -1 / [ ^ ~ -2 
~J(v-2)l2 ~ ^ J(v-2)I2 + 1 2 ] ^ J{y-2)/2 = J(v-2)/2 , 

as well as 

J{.- 2 )/ 2 {r) ~ r(z// 2 )-i(r/ 2 )("- 2)/2 as r ^ 0. (2.1) 

In the following we make use of the asymptotics 

J(u- 2 )/ 2 {r) = \ —sm{r - 7r(z/ - 3)/4) + 0(r“^/2) 

V 7rr 


as r —)■ oo , 


( 2 . 2 ) 
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which may also be differentiated with respect to r. (These asymptotics can be proved 
using dost solutions, without referring to the theory of Bessel functions.) Using — A(p = 
(p we find 


—Aijj = tjj — w'{2if' + (z/ — l)r ^ip) — (fw” 

with (■)' = djdr. Therefore, the eigenvalue equation for -0 will be satisfied if we set 

^ w' 2ip' + (z/ — l)r~^ip ^ w" 

W if w 

As usual, we want that w' vanishes where p vanishes and therefore we define 

/•r pr 

g{r) := / p{sYs''~^ds= / J{u- 2 )/ 2 {sfs ds 


The asymptotics (12.2^ show that 


lim r ^g{r) = tt ^ (2.3) 

r—>-oo 


We now define 

Wn{r) ■= + g{rf)~'^ 


and we define W with Wn in place of w. As in the previous construction, the parameter 
n need not be an integer, but we will use later that n > 1. Finally, we will choose 
a > Z//4, which by fl2.3p will guarantee that G As before we do not keep 

track of how our estimates depend on a. 

A quick computation shows that 


T/ _ 4a(a + 1) ^2„/2 

9 y y 


mt 


' rrin p 


with mn{r) := + g{rY. We claim that we can bound 


V„| < C + m„‘) 


(2.5) 


with C independent of n. Once this is shown we can use n > 1 to bound m~^ < 
n~^rri^^‘^ < and obtain |14| < which, in view of fl2.3p . is equivalent to 

the bound stated in the theorem. Clearly this bound will imply ||W||lp —t 0 if p > z/. 

Thus, it remains to prove fl2.5|) . Using fl2.ip and fl2.2|) we obtain g < and 

\g'\i \g''\ < C, which allows us to bound the first two terms on the right side of (12.41) 
by Cirrin^^’^ + rn~^). In order to bound the last term, we use g' = p‘^r''~^, so 

g' V + (=--l)'-V ^ ,2 - + _ 1),-. ) _ 2), 

Using again fl2.ip and fl2.2p we obtain \ {r'^~^p‘^)'\ < C, and therefore also the last term 
on the right side of fl2.4p is bounded by Crrin^^'^. This completes the proof of fl2.5l) 
and of the theorem. □ 
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3. Bounds for 0 < 7 < 1/2 

In this section we review the proofs in [5] and show that these bonnds are also valid 
for positive eigenvalues. Moreover, we shall prove bounds for potentials which belong 
to spaces of the form + ifi 2 +v/ 2 ^ 

Since we will use a similar argument later in Section 0] we formulate the general 
principle in abstract terms. 

Proposition 3.1. Let X be a separable complex Banach space of functions on such 
that nX is dense in X and such that the duality pairing X* x X —)■ C extends 

the inner product in Assume that 

\\{-A-z)-^\\x^x*<N{z), (3.1) 

where N{z) is finite for z G C \ [0, 00 ) and continuous up to [0, cx)) \ / for some set 
I C [0, 00 ). Assume that multiplication by V : ML ^ C is a bounded operator from X 
to X*. Then, if E G C\/ is an eigenvalue of—A + V with an eigenfunction 

in X*, then 

l<NiE)\\V\\x*^x. 

Proof. We give the proof only for G [0, cx)) \ / , the case E G C \ [0, 00 ) being similar 
(and easier). We denote the eigenfunction by and observe that, since G X* and 
since multiplication by V is bounded from X* to X, 

< ||1^IU*^a||V’||a* , (3.2) 

so Vfi G X. Since (—A — E — ie)~^ is bounded from X to X* and since, by the 
eigenvalue equation, 

4 := (-A -E- ie)-\-A - E)'fi = -(-A -E- isYfiVtl )), 
we infer that G X* and 

WfieWx* <N{E + te) \\Vij\\x. 

Since N{E + is) —>■ N{E) as £ —)■ 0, we see that the 'fie are uniformly bounded in X* 
and so they have a limit point in the weak-* topology of X*. On the other hand, by 
dominated convergence in Fourier space, one easily verifies that ^ strongly (and 
hence also weakly) in L^(M^). Since L^(M^) 0 X is dense in X and since the duality 
pairing X* x X —>■ C extends the inner product in //^(M^^), we infer that the limit 
point in the weak-* topology of X* is unique and given by ip. Moreover, by lower 
semi-continuity of the norm, 

\\ip\\x* < liminf \\ipe\\x* < liminf N{E + ie) \\Vip\\x = N{E) \\Vip\\x 
£—>■0 £^0 

This, together with the bound (13.211 . implies the bound in the proposition. □ 

Our hrst application of the abstract principle yields the following theorem, which 
extends the bound of [ 8 ] to positive eigenvalues. 
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Theorem 3.2. Let p > 2, 0 < 7 < 1/2 and V G Then any eigenvalue E 

of —A + V in satisfies 

\Ep<C^,u[ 

Jr^' 

with independent ofV. Moreover, if u > 3 and 

[ \V\‘'/Ux < C,,, 

Jr‘' 

then —A + V in L‘^{W^) has no eigenvalue. 

Proof. We apply Proposition 13.11 with X = where p is defined by p/(2 —p) = 

7 + I//2, so that the assumptions on 7 become 2z//(i/ + 2) < p < 2(z/ + l)/(i/ + 3). 
Since —A +1/ is defined via m-sectorial forms, we know a-priori that an eigenfunction 
satisfies fj G and so, by Sobolev embedding theorems, fj G = X*. 

Note also that, by Holder’s inequality. 


- ||H||p/(2-p) 

According to the Kenig-Ruiz-Sogge bound fll.2|) assumption fl3.1|) is satisfied with 
N{z) = and / = {0}. Therefore the claimed bound follows from 

Proposition I3.11 The second part of the theorem is proved similarly, taking 7 = 0 , 
1 = 0 and noting that for u > 3 the bound fll.2p holds also for p = 2vj{v -|- 2). This 
completes the proof. □ 


Remark 3.3. In a similar spirit we note that if z/ = 1 and V G L^(M) (possibly 
comp lex-valued), then —d'^/dx'^ -|- V{x) in L^(M) has no positive eigenvalue. Thus 
the restriction that the bound < (l/2)||l/||i holds only for eigenvalues E G 

C \ (0, 00 ), which appears frequently in the literature, is unnecessary. (The absence 
of positive eigenvalues follows from standard dost function techniques which show 
that for /c > 0 the equation —-0" + V'ip = has two solutions "0+ and ip- with 
fj±{x) ~ as a; —)■ CX 3 , so no solution of this equation is square integrable. These 

arguments go back at least to Titchmarsh [33].) 

Proposition 3.4. Let Vi G V 2 ^ where 0 < 71 < 72 < 1/2 

if n = 2 and 0 < 7 i <72 < 1/2 if n > 3. Then any eigenvalue E E C \ {0} of 
—A -|- Vi -|- V 2 T^(M^) satisfies 


^ 1-71 


Jr'' 


Proof. Again we prove this only for positive eigenvalues, the other case being simpler. 
Let p! be the eigenfunction and let e > 0 be a small parameter. We denote : = 
\ — X — E — ie:|(—A — E — ie)~^ and := \ — X — E — where if is the 

eigenfunction. Since if G iL^(M^), G L^(M'^). We can write the eigenvalue equation 
in the form 


S,\-X-E- ie\-^/^V\ -X-E- ie\-^^^ip. 


-X-E 

-X-E-ie"^^' 
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Therefore, 


-A-E 


= ll^el -A-E- ie\-^/^V\ -A-E- 

< (IIS',! -A-E- ie\-^/‘^Vi\-A-E- ie\-^/‘^\\ 

+ IIS',! -A-E- -A-E- ie\-^^^\\) IM ■ 

(3.3) 


Since the operator norm of AB eqnals that of BA, we have 

pel - A - E - - A - E - = \\{sgn Vj)\VjP{-A - E - iep\VjP 

and, as in [8], the Kenig-Rniz-Sogge bonnd fll.21) implies that 


Inserting this into fl3.3l) we obtain 


-A-E 

-A-E-ie"^^ 


<C'((|Ep+£2)-7l/{27l+^^) 


7l+y/2 


+(|Bp +e")-“/<"’>+‘''||n||,,+„/2) ||g..||. (3.4) 

Finally, we observe that < ||</9|| < oo and that .^ (y9g —)■ </9 in (by 

dominated convergence in Fonrier space. Thus, as £ —)• 0, we obtain the claimed bound 
in the theorem. □ 


4. Bounds for 1/2 < 7 < z//2 

4.1. Eigenvalue bounds. In this section we show that (11.11) holds for 1/2 < 7 < 
Vj2 if V is radial and, more generally, if for every r > 0, V(rcj) is replaced by 
ess-sup^g§i.-i|l/(ra;)|. The precise statement is 

Theorem 4.1. Let u >2 and 1/2 < 7 < u/2. Then 

poo 

\EV<C.,^ / l|r(r.)||I 17 ,L.,r-‘dr. 

Jo 

At the endpoint 7 = z//2 we have the following bound 
Theorem 4.2. Let u >2. Then 

\E\''/‘^ <Cy(^j^ |{r > 0 : ess-sup^g§.-i|l/(ra;)| > TpJ'' dr 

where | • It, denotes the measure dr on (0, cxo) 

Note that the integral on the right side in the theorem is the norm in the Lorentz 
space L’^’^{R+,r‘'~^ dr] L°°(S‘'p). 

We will deduce Theorems 14.11 and 14.21 from the following two resolvent bounds. The 
hrst one will imply Theorem 14.11 
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Theorem 4.3. Let u > 2 and 2(z/ + l)/(z/ + 3) < p < 2z//(i/ + 1). Then for all 
f G LP{R+, dr; andzeC\ [0, cx)), 

/ CO / p \ p'/2 

J((-A-^)-V)(ra;)rcia;j r^-^r 

( poo / P \ p/2 

y {j \f{ru:)\^du\ r'^-^dr 



As explained in the introduction, we think of Theorem 14.31 as the analogue of the 
uniform Sobolev bounds by Kenig-Ruiz-Sogge [16] which correspond to the range 
2i//(z/ + 2) < p < 2(i/ + l)/(i/ + 3), see fll.2|) . Since uniform resolvent bounds imply 
Fourier restriction bounds (since (—A —A —— (—A —A + A)“^ —)■ 27rz(5(—A —A) as 
e —)■ 0+), the Knapp counterexample [32] shows that fll.2p cannot hold for larger values 
of p. However, as we show, larger values of p can be achieved by considering mixed 
norm spaces. The use of mixed norm spaces in the context of Fourier restriction bounds 
seems to have hrst appeared in Vega [3lj, who proved the corresponding restriction 
inequality in the range 2{v + l)/(z/ + 3) < p < 2vj[u +1) in dimensions p > 3; see also 
ra where z/ = 2 is included as well. Our resolvent bound seems to be new, although 
our arguments follow closely those of Barcelo-Ruiz-Vega [2], and our assumption 
p < 2vj (p +1) is optimal, since the results of [13] show that the corresponding Fourier 
restriction bound does not hold for p > 2vj (z/ + 1). 

The following bound will imply Theorem 14.21 As we will see, it is a rather straight¬ 
forward consequence of the main result of [2] . 


Theorem 4.4. Let u > 2 and let V be a non-negative, measurable function with 

poo 

||^||L-.i(R+,r—idr;L-(s-i)) = / |{r > 0 : ess-sup^g§.-i | V(ra;)| > dr < oo . 

Jo 

Then, for all f G V~^ dx) fl L‘^(RT) and z G C \ [0, oo), 

[ [ \f\^V-Ux. 

Theorem 14.11 follows from Theorem 14.31 by Proposition 13.11 with the choice X = 
LP{R^,r^~^ dr; L‘^{S^~^)) in the same way as Theorem 13.21 was derived from fll.2p . 
Similarly, Theorem 14.21 follows from Theorem 14.41 by Proposition 13.11 here we set 
X = LF‘[w~^) where w = max{|V|,5G}, where G is a strictly positive function in 
dr; L°°{S^~^)) (for instance, a Gaussian) and 5 > 0 is a small parameter. 
Having 5 > 0 implies that fl L‘^{w~^) is dense in Moreover, one easily 

verihes that 

II^I|l2(^)^L2(„,-1) < 1 , 

SO Proposition 13.11 yields 

1 A C\z\ II max{|l/|, 
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and as 5 —)■ 0 we obtain the claimed bonnd. 

Thns, it remains to prove Theorems 14.31 and 14.41 


4.2. Proof of Theorem 14.31 It is well known that on spherical harmonics of degree 
I G Mo the operator —A acts as 

hi := _ 2)r-^ . 

This operator, with an appropriate bonndary condition at the origin (coming from 
the decomposition into spherical harmonics), is self-adjoint in L^(M_|_, dr). It is 
well-known that the bonndary valnes of the resolvent {hi — X — i0)“^ exist in snitably 
weighted spaces. The following proposition shows that these bonndary valnes are 
bonnded operators from L^(R+, r^“^ dr) to Lp'(R+, r^“^ dr). The key observation is 
that their norms are bonnded nniformly in Z G Mq. 


Proposition 4.5. For any u > 2 and 2vj (i/ -|- 2) < p < 2vj{n + 1), 

To prove this proposition we use the following simple criterion for the boundedness 
of an integral operator from U’ to . 

Lemma 4.6. Let X and Y be measure spaces and k G L^'{X x Y) for some 1 < p <2. 
Then {kf){y) = j^k{x,y)f{x)dx defines a bounded operator from L^{X) to Lp'{Y) 
with 


LP(X)^LP'{Y) ^ II'^'IIlp'(AxY) • 

Proof of Lemma f-dj By Minkowski’s and Holder’s inequality 


\\kf\6 = 


k{x, y)f{x) dx 


lx 


dy 


< 


< 


W ^ ^ 

\k{x,y)fdy] \f{x)\dx 


X \jy 



lx JY 

which yields the claimed inequality. 


\k{x,y)f' dydx] / |/(x)|^dx 


! X 


v'/p 


□ 


Modulo a technical result about Bessel functions fProposition lA.ll) . which we prove 
in the appendix, we now give the 

Proof of Proposition \4.^ According to Sturm-Liouville theory {hi — 1 — i0)“^ is an 
integral operator with integral kernel 

{hi — 1 —-Z0)“^(r,r') = (rr')“^^“^^/^J^j(min{r,r'})idB^(max{r,r'}) , 
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where and are Bessel and Hankel fnnctions, respectively, and where fii = 


I + [v — 2)/2. Thus, by Lemma IT6l 

\\ihl — 1 — iO) 


POO /*oo 


< 2 


I(r)(r') f _ 


The fact that the right side is hnite and uniformly bounded in I follows from Proposi¬ 
tion |XT]in the appendix with q = p'. This completes the proof of the proposition. □ 


In order to deduce Theorem 14.31 from Proposition 14.51 we need the following general 
result. 

Lemma 4.7. Let X and Y be measure spaces and 1 < p <2. Let {Kj) be a sequence 
of bounded operators from L'^{X) to L^'{Y). Let Li be a separable Hilbert space with 
an orthonormal basis (ej) and define a linear operator K by 

K{f ® Cj) = (Kjf) 0 Cj for all f E LF{X) and all j . 

Then K is bounded from Lp{X,'H) to L^' {Y^'H) with 


ll^ll 


LP(X,H)^LP' {Y,H) ~ ll-^illLP(X)-j-LP'(y) • 
3 


Proof of Lemma Since 

II w® ^j)lli,p'(Y'R) ~ WKjfW Lp'(Y) — ll-^illLP(A)-j-LP'(Y)ll-^ll-^’’(^) 

= l|-^jllLP(A)-j-LP'(Y)ll-^ ® ^3\\Lp{Y,H) i 

we have ||iP|| < sup||iPj|| (with obvious indices). To prove the opposite bound we 
write P = fj ^ ^31 so that 

,p72 




lY 


l(^j/j)(l/)h dy 


Since p' > 2 we can bound this from above using Minkowski’s inequality by 

p'/2 


Y 


r \ 2/p'" 

l^\iK3f3)iy)f dyj 


which in turn is bounded from above by 

X 2/p\ P'/2 


<(sup||ii',||)'’'(^ 


WKjf (^j^\Mx)\’‘dxj 

Once again by Minkowski’s inequality, using the fact that p < 2, 

5: wx^dx^" < {j:\ f,{x)\f" dxY" =iiFii 

This proves that \\KF\\j^p'(^ y,h) — (s’^P ll-^ill) \\P\\lp{x,h), as claimed. 
We are hnally in position to give the 


x2/pX P'H 
\fj{x)\Pdx] 

X J 


2 

LP{XPL) 


□ 











SCHRODINGER OPERATORS WITH COMPLEX POTENTIALS — June 16, 2015 


13 


Proof of Theorem \4.^ Let z/ > 2 and 2(z/+ l)/(z/ + 3) <p < 2z//(z/ + 1). (In fact, the 
proof works also for 2v j{u + 2) < p < 2(z/ + l)/(z/ + 3), bnt the ineqnality we obtain in 
that case is weaker than fll.2l) .i We begin with a well-known argnment redncing the 
proof to the case z = 1. For f,g ^ 

^ ^ (-A - z)-^f) 

is an analytic fnnction in {Im^; > 0}, continnons np to the bonndary, and satisfying 

IJ''/"-''/’’+‘I(9.(-a-z)“‘/)I <Q„|z|“|I/I|JIjL 

for every 2z//(z/ -|- 2) < r < 2{i> + l)/{v + ?>) and a certain a depending on r. This 
follows from the Kenig-Rniz-Sogge bonnd fll.2l) . Thns, by the Phragmen-Lindelof 
principle, 

snp |^r/2-/^+i|(z7, (-A - z)-^f)\ = snp (-A - A - zO)-V)| • 

Im2:>0 A^M 

If we can show that the right side is bonnded by Cp^i,\\f\\LP{L‘^)\\g\\Lp{L‘^) (with the 
abbreviation U’{L‘^) = LP{R+,r‘'~^ dr] then, by density, the bonnd will be 

valid for any f,g& LP^Lf). Moreover, since 

{g, (-A - T)-V) = ((-A - z)-^g, f) = (/, (-A - z)-^g) , 


we will have shown the bonnd claimed in the theorem. 

By scaling it snffices to prove the bonnd 

|^|./2-./!.+i|(g_ (-A - A - !0)-V)| < C,,„||/||„,i2,||9||„,i=, (4.1) 

for A = ±1 only. We begin with A = —1. Since (—A -1- 1)“^ is convolntion with a 
fnnction in for any q < u/{u — 2), Yonng’s ineqnality yields 

\{g,{-A-X-^0)-^f)\<C;Jf\\MLP 

for any p > 2vj{u + 2). Since 


for p < 2, this bonnd for A = — 1 is stronger than what we shall prove for A = 1. 

Therefore we have rednced the proof to showing fl4.1l) for 2(z/ -|- l)/(z/ -f- 3) < p < 
2v j (z/ -|- 1) and A = 1. This is the same as 

||(-A - 1 - f0)-V|lLP'(L2) < Cp^u\\f\\LP{L^) • 

To do so, we expand / with respect to spherical harmonics (Tz,m), with I G No and m 
rnnning throngh a certain index set of cardinality depending on I, 

fi^) = fl,mi\x\)Yi^rn{x/\x\) , 


SO that 




\ p/2 

|/(ra;)|^ dca j r'^~^ dr 



dr. 
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Separation of variables shows that 

((-A - 1 - iO)“V) (a;) = ^ {{hi - 1 - iOy^fim) (kl) Yi^{x/\x \), 

Im 

where hi was dehned at the beginning of this subsection. By Lemma 14.71 we have 
||(-A - 1 - iO)~^\\LP^L^)^Lp'(L^) = sup \\{hi - 1 + i0)-^|| LP^LP' ■ 

«GNo 

The right hand side is hnite by Proposition 14.31 This completes the proof of the 
theorem. □ 


4.3. Proof of Theorem 14.41 We shall deduce Theorem 14.41 from the following the¬ 
orem of Barcelo, Ruiz and Vega [2]. They introduce the following norm, 

’ ess-sup^gg.-i|V(ra;)| r 


mt = sup / 
R>o Jr 


R2)1/2 


dr < oo . 


Theorem 4.8. Let v > 2 and let V be a non-negative, measurable function with 
\mt < cxo. Then, for all f G V~^ dx) fl and ^ G C \ [0, cxd), 


-A- z)-^ffVdx<C\z 


-1 




Barcelo, Ruiz and Vega call || V||mt < C)0 the ‘radial Mizohata-Takeuchi’ condition, 
thus the subscript ‘MT’. They show that for radial V this condition is, in fact, also 
necessary to have a bound of the form ||M|| 2 , 2 (y) < C\z\~^f‘^\\{—A — z)u\\L-^(y). 

Proof of Theorem By Theorem 14.81 it suffices to show that for any z/ > 2, 

||R||mT < • (4.2) 

Let pi?(r) := r~'^^‘^{r‘^— P?)~^^‘^X{r>R}- Then, by Holder’s inequality in Lorentz spaces, 
with v{r) := ess-sup^ggi.-i|V(ra;)|, 

ess-sup^eg.-i I V(ru) | r 


'R 


(r2-R2)l/2 


■ dr = 


v{r)pR{r)r'^ ^ dr 
Jo 


u-l) , 

One 


where we used that, by scaling, ||pr||l./(.-i),oo(r^_,..-i) = ||pi||L-/G-i).-(R+,r—p 
easily checks that pi G which, after taking the supremeum over 

R > 0, yields (K2fi . □ 

The next corollary contains further eigenvalue bounds which are consequences of 
Theorem 14.81 

Corollary 4.9. Let E E C be an eigenvalue of —A -\-V in Then 

|i?r/'<aiiR||MT. (4.3) 
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Moreover, for any p G (2, cxd], 




^ 1/p 


(4.4) 


Clearly, fl4.4p for p = oo means 


sup |a;||l/(a;)| ) 
V2^<|a.|<2l+l J 


Since Xljez (®^P 2 i<|x|< 2 i+i kl(l + 1^1) ^ < cxo for £ > 0, this bound implies, i 

particular, 

ess-sup3,gR,.(l + |x|)^+^|C(a;)|, e > 0. 


m 


which is the main result of 


Proof. Bound fl4.3p follows from Theorem 14.81 bv Proposition 13.11 using the arguments 
after Theorem 14.41 Having proved this, for fl4.4p it suffices to prove that 


MT < 


/ ^2l+l " 


1/p 


(4.5) 


This bound is stated in [2] without proof, so we include it for the sake of completeness. 
We abbreviate v{r) := ||H(r-)|| Since p > 2, 


'•2R1 y(r)r / pSR \ 

dr < i I v{rYr^ ^ dr ) 


Ir H 


^2)1/2 


pp / r2R r ^ 

) [Jr 


r J 


i/p' 


C-n 


-.2R 


'R 


v{ryr^ 1 


i/p 


On the other hand, for r > 2R, r/\/r‘^ — E? < 2/\/3, and therefore 

oo p2l+lR 


v[r]r 


'2R 


^2)1/2 


, 2 ^ f 

dr <—y / 

\/3 “ J2iR 




v{r) dr 
oo / p2l+lR 


\ / ,2WR ^ \ '/f' 

v{ryr^ ^ dr j [j — j 


'23R 

oo / p2l+lR 


121R 

1/p 




vfryrP ^ dr 


i2iR 


Picking k eIj such that 2^ < R < 2^+^ we easily deduce (I4.5p . 


□ 
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Appendix A. Bounds on Bessel functions 


The key ingredient in our proof of Proposition 14.51 was the following result about 
integrals of Bessel and Hankel functions. 


Proposition A.l. Let i/ >2 and 2vj{i/ — 1) < q < 2vj (z/ — 2). Then 


sup 

M>0 





-qiu-2)/2+u-l^^ < CX) 


We emphasize that in this result u is not required to be integer and /i is not required 
to be a half-integer (although they will be in our application later on). 

In this appendix we prove Proposition lA. II using the techniques of |2]. Using WKB 
analysis, Barcelo, Ruiz and Vega prove the following uniform bounds on Bessel func¬ 
tions. We state their complete result although we will not use its full strength. 


Proposition A.2. There is a constant U > 0 and a constant oq £ (0,1/2) such that 
the following holds for all /i > 1/2. 

(1) For 0 < r < 1, 


\W\<c 

(2) For 1 < r < /rsechoo; 

I4(>')l < C- 


(r/2)< 


r(f, + l)’ 




/i 


1/2 


(3) For /isechoo < < h “ 


\Ur)\<C- 


/,l/4(^ _ ^)l/4 ’ 1-/^ 

(4) For fi — < r < fi + , 


IU"(’')I < c 


lU'/’')! < U 


|JZi"(>-)| < c 


r(^) 

;r/2)»' 






1/2 




/x^A(^ — r)^A ■ 






(5) For r > fi + 

\JAr)\<c- 


IU‘’WI < c- 


r^/4(r — ^ 

Here, the function is defined by ip^^psecha) = a — tanho. 

We split the proof of Proposition lA.ll into two parts. The hrst part (which is 
analogous to Lemma 6 in [2]) is 

Lemma A.3. Let q > 0 and p > —1 such that 

0. ^ Q ^ 1 

2 ^ ’ 3 “ 3 
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Then 


sup 



dr + 





< oo. 


Arguing slightly more carefully, we can replace the lower bound p > —1 by |+p+l > 
0. More generally, it can be improved to p^q + p + 1 > 0 if we restrict the supremum 
to p > po > 1/2. This is only needed to ensure the integrability of near 

r = 0. 


Proof of Lemma \A.3\ . We are going to use the upper bounds from Proposition IA.2I 
Since they coincide for and in the range r > p — p^^^, we only prove the 
lemma for We write |J^(r)|V^(ir = Ii + I 2 + I 3 + h + h + Iq, where the 
different terms correspond to the following regions of integration: 


Ji : 0 < r < 1, 

1 2 1 < r < p sech ccq , 

1 3 : p sech Oq < r < p — p^^^ , 

14: p — p^^^ < r < p + p^/^ , 

J5 : p + p^^^ < r < 2/i, 

Jg : r > 2p . 

In each of the regions we use the bounds from Proposition IA.2I and we only make a 
few remarks about the straightforward computations. The hniteness of Ji requires 
qp + p + 1 > 0, which follows from p > —1. To bound I 2 we use the fact that 
|'4‘(^)l — Cp~^ for 0 < r < /i sech (To, which is an easy consequence of Proposition 
To bound I 3 we split the region of integration into intervals {p — p — 2 ^p^/^] 

and use P'^{r) > (p^{p — 2 ^p^f^) > C~^p~^ 2 ?tP in each such interval. This yields 
I 3 < ^ which is uniformly bounded in p by assumption. We obtain the 

same bound on J4 and, if g > 4, on Jg. Finally, ifg/2 — p — 1>0 then Jg is hnite and 
satishes Jg < C. The same bound holds for Jg if g < 4 and, with a factor of 
In p, if g = 4. This concludes the sketch of the proof. □ 

The second part in the proof of Proposition lA.ll (which is analogous to equation 
(2.28) in [2]) is 


Lemma A.4. Let g > 0 and p > —1 such that 


1 

2 


> p + 1, 


g 1 

3 -^^3 


Then 



sup 

Ai>l/2 


Mr)\-K\rT{ rr'Y dr' dr < 00 . 












18 


RUPERT L. FRANK AND BARRY SIMON 


Proof of Lemma [A.4\ We decompose the double integral as Ji + I 2 , corresponding to 
the following regions of integration: 

Ji : 0 < r < /i sech ao , r < r' < , 

I 2 : fi sech ao < r < fi — , r < r' < . 

To bound Ji we use the fact that r\H^\r)\‘^ is a decreasing function of r [361 P- 446] 
and obtain for q'/2 > p + 1, 




< W2|i7(i)(r)|9 / dr'= 


r.P+1 


g/2-p-l 




The bounds from Proposition IA.2I show that | J^(r)||if^^^(r)| < ^ for 0 < r < 

psechtto, and therefore 


h< 




ql2-p-l 


r2p+l < Ql^-q+2p+2 _ 


This is uniformly bounded since g/2 > p + 1. 

To bound I 2 we argue similarly, but we estimate slightly differently 




\Hlf\r')\yr'y dr' < r^/^\Hlf\r)\'^ / dr' < r^p - r)\Hlf\r)\P 


Proposition IA.2I yields | J^(r)||iP^^^(r)| < C^p ^/^(p — r) for psechao < r < 
p — p^/^, and therefore 


h < 

We conclude that 






fi sech ao 


(p - dr < / (p - ry-<i/^ dr . 


' fL sech ao 


^2p 2q/3+2/3 jf gr > 4 ^ 

-^2 < C'g X In p if g = 4 , 


p 


2p-q+2 if g < 4 . 


Under our assumptions on g and p, this is uniformly bounded, as claimed. 


□ 


Finally, we give the 

Proof of Proposition CTUl Let p = —g(i2 —2)/2 + i/— 1. The conditions g < — 2) 

and g > 2i//(z/ — 1) imply p > —1 and g/2 > p+ 1, respectively. Finally, the condition 
<?/3 > p + 1/3 follows from g > 2i//(z/ — 1) and v > 2. Therefore we can apply 
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Lemmas IA.3I and IA.4I and find that 



is nniformly bounded in /x > 1/2. The fact that the integrals are uniformly bounded 
for 0 < /i < 1/2 follows immediately from standard results about Bessel functions. 
This concludes the proof of the proposition. □ 
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